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Abstract
Solutions for a class of coupled nonlinear differential equations, arising in free convection flow at a
vertical flat plate embedded in a saturated porous medium at high Reynolds numbers in the presence
of heat sources (or sinks) and with nonlinear density temperature variation, are obtained. Further,
using the Schauder theory and numerical results, existence and analyticity results are established.
 2003 Elsevier Science (USA). All rights reserved.
1. Introduction
The study of free convection about a vertical impermeable surface in a saturated porous
medium has many important geophysical and engineering applications. For example, it
has been speculated that hot dike complexes in a volcanic region can provide an energy
source for the heating of ground-water (see Furumoto [1]) which can then be utilized for
power generation. Thus the study of heat transfer rate and the size of the hot water zone
around a dike would provide some insight into the assessment and evaluation of geothermal
resources. The convective heat transfer coefficient obtained in the study will also be useful
in estimating the cooling rate of vertical intrusives trapped in an aquifer as well as the rate
of heat loss from underground energy transport and storage systems.
✩ This paper is an outcome of undergraduate research.
* Corresponding author.
E-mail address: vajravel@pegasus.cc.ucf.edu (K. Vajravelu).
0022-247X/03/$ – see front matter  2003 Elsevier Science (USA). All rights reserved.
doi:10.1016/S0022-247X(02)00634-0
610 K. Vajravelu et al. / J. Math. Anal. Appl. 277 (2003) 609–623
In 1977, Cheng and Minkowycz [2] analyzed the idealized problem of a vertical
flat plate embedded in a porous medium with isotropic properties, where the prescribed
wall temperature is a power function of height. They assumed that the convection took
place in a thin layer around the heating surface. Boundary layer approximations similar
to those invoked by Wooding [3] and McNabb [4] were used. With these simplifica-
tions the governing nonlinear partial differential equations were integrated numerically.
Computations for heat transfer rate and the size of the hot water zone for the problem of
free convection about a dike with the mean temperature at 200 ◦C trapped in an aquifer at
15 ◦C were carried out.
The effects of blowing and suction along a vertical flat plate on free convection in air
or water have been the subject of numerous investigations. Cheng [5] studied the problem
of lateral injection or withdrawal of fluid along a vertical plane source or sink on free
convection boundary layers in a porous medium, where both temperature distribution of the
fluid along the plane source or sink (Tw) and its velocity distribution (Vw) are prescribed
power functions of distance. If the prescribed power functions are given by Tw = T∞±Axλ
and Vw = axn, it is found that similarity solutions are possible if n = (λ − 1)/2. The
problem has a number of important engineering and geophysical applications. For example,
the residual warm water discharged from a geothermal power plant is usually disposed
of through subsurface reinjection wells which can be idealized as vertical plane sources
in a porous medium. If the temperature of the injected fluid differs from that of the
receiving groundwater in the rock formation, the injected fluid would experience a positive
or negative buoyancy (depending on the relative temperature difference, see Fig. 1) which
would result in a convective movement of groundwater near the well. Similarly, convection
of groundwater also occurs along the vertical fissures or cracks during the natural recharge
of aquifer, whenever the temperature of the groundwater discharged from the fissures and
cracks differs from that of the receiving water in the aquifer.
From a technological point of view free convection study of fluids with known physical
properties is always important, for it can reveal hitherto-unknown properties of fluids
of practical interest. In such buoyancy driven flows the exact governing equations are
unwieldy so that recourse to approximations such as Boussinesq’s is generally called for.
Assuming the linear density temperature variation (Boussinesq’s approximation) Cheng
and Minkowycz [2] and Cheng [5] studied the free convection flow in a saturated porous
medium. However, when the temperature difference between the plate and the ambient
fluid is appreciably large (as in Refs. [2] and [5]) the nonlinear density temperature
(NDT) variation in the buoyancy force term (for details see Vajravelu and Sastri [6]) and
the volumetric heat generation or absorption (see Vajravelu et al. [7]) may exert strong
influence on the flow and heat transfer characteristics. Hence, in this paper, we study the
existence, uniqueness and behavior of exact solutions of nonlinear coupled differential
equations arising in free convection flow at a vertical flat plate embedded in a porous
medium with variable wall temperature, variable injection/suction, and nonlinear density
temperature (NDT) variation in the buoyancy force term and the temperature dependent
heat source/sink. In Section 2, we shall consider the mathematical model; in Section 3,
we shall present the existence and uniqueness results; in Section 4, we shall present the
exact solutions (for some sets of parametric values); and in Section 5, we shall present the
numerical solution (through graphs) and discussion.
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(a) (b)
Fig. 1. (a) Flow configuration for Tω > T∞ . (b) Flow configuration for Tω < T∞.
2. Formulation of the problem
Consider the free convection flow at a vertical flat plate embedded in a saturated porous
medium (see Fig. 1), where the temperature of the plate is given by Tw = T∞±Axλ (with
T∞ denoting temperature at infinity and A > 0) and the discharge or withdrawal rate is
given by Vw = axn where a > 0 for the discharge of the fluid and a < 0 for withdrawal of
the fluid. We make the following assumptions:
(i) the convective fluid and the porous medium are everywhere in local thermodynamic
equilibrium;
(ii) the temperature of the fluid is everywhere below the boiling point;
(iii) the convective flow is due to the density difference between the source (or sink) and
that at infinity (that is, we use NDT variation);
(iv) the properties of the fluid and the porous medium, such as viscosity, thermal con-
ductivity, and permeability, are constant; and
(v) the volumetric heat source/sink term in the energy equation depends on the temper-
ature.
Under these assumptions, the equations governing the fluid flow and heat transfer (for
details see Cheng [5]) are, in the usual notation,
∂u
∂x
+ ∂v
∂y
= 0, (2.1)
u=−(K/µ)
[
∂p
∂x
± ρg
]
, (2.2)
v =−(K/µ)∂p
∂y
, (2.3)
u
∂T
∂x
+ v ∂T
∂y
= α0
(
∂2T
∂x2
+ ∂
2T
∂y2
)
+ Q
(ρ∞Cp)f
(T − T∞), (2.4)
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ρ = ρ∞
[
1− β0(T − T∞)− β1(T − T∞)2
]
, (2.5)
where u,v are the Darcy velocities in the x and y directions, ρ, µ, and β are, respectively,
the density, viscosity, and thermal expansion coefficient of the fluid, K is the permeability
of the saturated porous medium, and α0 = Km/(ρ∞Cp)f is the equivalent thermal
diffusivity, whereKm denotes the thermal conductivity of the saturated porous medium and
(ρ∞Cp)f the density and specific heat of the fluid. T , p, and g are temperature, pressure,
and gravitational acceleration, respectively. The subscript ∞ denotes the condition at
infinity. The last term in the energy equation (2.4) is the temperature dependent heat
source/sink term, and Eq. (2.5) describes the nonlinear density temperature (NDT) var-
iation. “+” and “−” signs in Eq. (2.2) are for the cases of Tw > T∞ (Fig. 1a) and Tw < T∞
(Fig. 1b), respectively.
The boundary conditions for the problem are
v = axn, T = T∞ ±Axn at y = 0, (2.6a)
u→ 0, T → T∞ as y→∞, (2.6b)
where A> 0 and the “+” and “−” signs in Eq. (2.6a) are for Figs. 1a and 1b, respectively.
It can be shown that similarity solutions to Eqs. (2.1)–(2.6) exist if n= (λ− 1)/2. Under
this assumption and using the stream function ψ defined by u= ∂ψ/∂y and v =−∂ψ/∂x ,
the governing equation and the conditions can be written as (for details see Cheng [5])
f ′′ − (1+ γ θ)θ ′ = 0, (2.7)
θ ′′ +
(
1+ λ
2
)
f θ ′ − (λf ′ − α)θ = 0, (2.8)
f = fw, θ = 1 at y = 0, (2.9a)
f ′ → 0, θ → 0 as y→∞, (2.9b)
where
η=
[
ρ∞gβ0K|Tw − T∞|
µα0x
]1/2
y,
ψ =
[
α0ρ∞gβ0K|Tw − T∞|x
µ
]1/2
f (η),
θ(η)= T − T∞
Tw − T∞ ,
γ = 2β1|Tw − T∞|/β0, the NDT parameter,
α =Qx2/αRax(ρ∞Cp)f , the heat source/sink parameter,
Rax = ρ∞gβ0K|Tw − T∞|x/µα0,
and
fw =−2a/(1+ λ)[α0ρ∞gβKA/µ]1/2,
which is positive for the withdrawal of fluid and negative for the discharge of fluid.
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3. Existence and uniqueness results
Consider the problem of finding a pair of functions f = f (η) and θ = θ(η) satisfying
f ′′ − (1+ γ θ)θ ′ = 0, 0 < η <R,
θ ′′ +
(
1+ λ
2
)
f θ ′ − (λf ′ − α)θ = 0, 0 < η <R,
f (0)= fw, θ(0)= 1,
f ′(R)= 0, θ(R)= 0, (3.1)
where fw , α, γ , λ, and R are given constants. From the equation for f and the boundary
conditions at η=R, it follows that
f ′(η)= θ(η)+ γ
2
θ(η)2, 0 < η <R, (3.2)
and that
f (η)= fw +
η∫
0
[
θ(τ )+ γ
2
θ(τ )2
]
dτ, 0 < η <R. (3.3)
Thus from (3.2) and (3.3) it follows that (3.1) reduces to the nonlinear boundary value
problem
θ ′′ +
(
1+ λ
2
)
f θ ′ − (λf ′ − α)θ = 0, 0 < η <R,
θ(0)= 1, θ(R)= 0, (3.4)
where f is defined by (3.3) and
(λf ′ − α)= λγ
2
θ2 + λθ − α. (3.5)
Lemma 1. If λ > 0, γ > 0, α < 0, and λ < 2γ |α|, then (λγ /2)y2 + λy − α > 0 for
−∞< y <∞.
Proof. As
λ2 − 4
(
λγ
2
)
(−α)= λ2 − 2λγ |α| = λ(λ− 2γ |α|)< 0,
the roots of the quadratic are complex. Hence, the quadratic, which is positive at y = 0,
cannot change sign. ✷
Lemma 2. For λ > 0, γ > 0, α < 0, and λ < 2γ |α|, any solution of (3.4) must satisfy
0 θ(η) 1, 0 η 1. (3.6)
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Proof. At an interior positive maximum the operator applied to a solution is negative
while at an interior negative minimum the operator applied to a solution is positive. As
the operator applied to a solution must be zero, the inequality (3.6) follows. ✷
Let B be the Banach space of continuous real-valued functions defined on 0  η  R
and for ψ ∈ B let
‖ψ‖ = sup
0ηR
∣∣ψ(η)∣∣. (3.7)
Consider the convex subset
S = {ψ ∈B | 0ψ(η) 1, 0 ηR}. (3.8)
For ψ ∈ S define the mapping
F :S→ S (3.9)
via
θ = Fψ, (3.10)
where θ is the unique solution (see Ref. [8]) of
θ ′′ +
(
1+ λ
2
)
f θ ′ − (λf ′ − α)θ = 0,
θ(0)= 1, θ(R)= 0, (3.11)
f ′ =ψ + γ
2
ψ2, 0 η R, (3.12)
and
f = fω +
η∫
0
[
ψ(τ)+ γ
2
ψ(τ)2
]
dτ, 0 ηR. (3.13)
By Lemmas 1 and 2, θ ∈ S.
Using the integrating factor
exp
{(
1+ λ
2
) η∫
0
f (τ) dτ
}
, (3.14)
we obtain the representations
θ ′(η)= θ ′(0) exp
{
−
(
1+ λ
2
) η∫
0
f (τ) dτ
}
+
η∫
0
(
λf ′(ξ)− α)θ(ξ) exp
{
−
(
1+ λ
2
) η∫
ξ
f (τ ) dτ
}
dξ, (3.15)
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θ(η)= 1+ θ ′(0)
η∫
0
exp
{
−
(
1+ λ
2
) ξ∫
0
f (τ) dτ
}
dξ
+
η∫
0
ζ∫
0
(
λf ′(ξ)− α)θ(ξ) exp
{
−
(
1+ λ
2
) ζ∫
ξ
f (τ ) dτ
}
dξ dζ, (3.16)
and
θ ′(0)= −1−
∫ R
0
∫ ζ
0 (λf
′(ξ)− α)θ(ξ) exp{−( 1+λ2 ) ∫ ζξ f (τ ) dτ}dξdζ∫ R
0 exp
{−( 1+λ2 ) ∫ ξ0 f (τ) dτ}dξ . (3.17)
Since ψ and θ belong to S, it follows from (3.12), (3.13), (3.15) and (3.17) that there is a
constant C1 = C1(λ, γ, |α|, |fω|,R) such that∣∣θ ′(η)∣∣ C1, 0 ηR. (3.18)
Let S∗ ⊂ S be defined by
S∗ = {ψ ∈ S ∩C1([0,R]) ∣∣ ∣∣ψ ′(η)∣∣ C1, 0 ηR}. (3.19)
Clearly, F :S∗ → S∗ and S∗ is compact and convex. A straightforward but tedious
calculation employing (3.12), (3.13), (3.15)–(3.19) shows that there is a constant C2 =
C2(λ, γ, |α|, |fω|,R,C1) so that
‖θ1 − θ2‖ C2‖ψ1 −ψ2‖. (3.20)
Hence, the mapping F :S∗ → S∗ is continuous.
Remark. An alternate way of obtaining (3.2) is to utilize the continuous dependence of a
second order linear elliptic differential equation upon its coefficients.
From the analysis above we obtain from Schauder’s theorem (see Ref. [9]) that there
exists a fixed point of F. Namely, there exists a θ ∈ S∗ so that θ = Fθ .
Theorem 1. For λ > 0, γ > 0, α < 0, and λ < 2γ |α|, there exists a classical solution for
any finite value of fω .
Proof. See the analysis preceding the statement of the theorem. ✷
Remark. The analysis above is still valid if γ < 0, λ < 0, α < 0 with |λ| < 2|γ ||α|.
Likewise, the analysis is still valid if λ= 0 and α < 0.
4. Exact solution
Our problem of interest is
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f ′′ − (1+ γ θ)θ ′ = 0,
θ ′′ +
(
1+ λ
2
)
f θ ′ − (λf ′ − α)θ = 0,
f (0)= fw, θ(0)= 1 at η = 0,
f ′ → 0, θ → 0 as η→∞. (4.1)
The boundary value problem (4.1) admits an exact solution for certain values of λ when
α = γ = 0. For α = γ = 0 and λ= 1, the exact solution is
f (η)=m− (m− fω)e−mη,
θ(η)=m(m− fω)e−mη, (4.2)
where
m= fω +
√
(fω)2 + 4
2
.
The expressions for f (η) and θ(η) are evaluated numerically for several sets of values of
the parameters λ and fω and are used to validate the numerical method used to obtain the
exact solution for all values of the other parameters γ and α.
5. Numerical solution and discussion of the results
The nonlinear system
f ′′ − (1+ γ θ)θ ′ = 0,
θ ′′ +
(
1+ λ
2
)
f θ ′ − (λf ′ − α)θ = 0, (5.1)
subject to the boundary conditions
f = fω, θ = 1 at η= 0,
f ′ → 0, θ → 0 as η→∞, (5.2)
is solved numerically for several sets of values of the parameters λ, fω , γ , and α. Since
u= ρ∞gβ0|Tω − T∞|K
µ
f ′(η) (5.3)
and
v =
(
1
2
)[
α0ρ∞gβ0K|Tω − T∞|
µx
]1/2[
(1− λ)ηf ′ − (1+ λ)f ], (5.4)
some of the qualitatively interesting results for f , f ′ and θ are presented in Figs. 1–6.
Figures 2a, 2b, and 2c describe the behavior of f ′(η), respectively for several sets of
values of the parameters fω , γ , and α when λ = 0.2. Similar results are presented for
f ′(η), f (η), and θ(η) when λ= 0 and λ=−2, respectively, in Figs. 3 and 4.
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(a)
(b)
Fig. 2. (a) Values of f ′ vs. η for λ= 0.2. (b) Values of f vs. η for λ= 0.2. (c) Values of θ vs. η for λ= 0.2.
I II III IV V VI
fω −1 −1 −1 −1 −1 0.2
γ −0.5 −0.5 −0.5 0 0.5 0.5
α 0.04 0 −1 −1 −1 −1
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(c)
Fig. 2. (Continued.)
(a)
Fig. 3. (a) Values of f ′ vs. η for λ= 0. (b) Values of f vs. η for λ= 0. (c) Values of θ vs. η for λ= 0. Curves as
in Fig. 2.
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(b)
(c)
Fig. 3. (Continued.)
From Fig. 2a, it is evident that f ′ increases with increasing α (see curves I, II and III).
This phenomenon is also true with the parameter γ (see curves III, IV and V). However,
the effect of fω on f ′ is quite the opposite (see curves V and VI). Physically it means that
the effect of heat sources and the nonlinear density temperature variation is to increase the
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(a)
(b)
Fig. 4. (a) Values of f ′ vs. η for λ=−0.2. (b) Values of f vs. η for λ=−0.2. (c) Values of θ vs. η for λ=−0.2.
Curves as in Fig. 2.
velocity component f ′ whereas the effect of the fluid discharge parameter is to decrease the
velocity component f ′. From Fig. 2b, we notice that the velocity component f increases
with all three parameters α, γ and r . However, the nondimensional temperature θ increases
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(c)
Fig. 4. (Continued.)
Fig. 5. Values of f ′′ vs. γ .
I II III IV V VI
λ 0.2 0.2 0.2 0.2 0.2 −0.2
fω −1 −1 −1 0 0.2 0.2
α 0.2 0 −1 −1 −1 −1
622 K. Vajravelu et al. / J. Math. Anal. Appl. 277 (2003) 609–623
Fig. 6. Values of θ ′(0) vs. γ . Curves as in Fig. 5.
with α and decreases with both γ and fω . Moreover, the above conclusions are very much
true even when λ= 0 or λ=−0.2 (see Figs. 3 and 4).
In Figs. 5 and 6 values of f ′′(0) and θ ′(0) are plotted for several values of the parameters
α, γ , fω , and λ. From these figures, it can be seen that f ′′(0) and θ ′(0) increases with the
parameters α and λ. But quite opposite the phenomenon is observed for the parameters γ
and fω . However, the effect of γ on f ′′(0) is the strongest in the presence of heat sinks
(see curves III–VI). Hence, the effects of α and γ are so strong on the flow and the transfer
characteristics, that they should be included in future studies.
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